In this paper, we study the achievable degrees of freedom (DoF) of a multiple-input multiple-output (MIMO) multi-way relay channel with asymmetric message set that models the scenario of the two-way communication between a base station and multiple users through a relay. Under the assumption of delayed channel state information at transmitters (CSIT), we propose an amplify-and-forward relaying scheme based on the scheme proposed by Maddah-Ali and Tse to support signal space alignment, so that the available dimensions of the signal spaces at the relay and the users can be efficiently utilized. The proposed scheme outperforms the traditional one-way scheme from the perspective of DoF, and is useful to relieve the communication bottleneck caused by the asymmetric traffic load inherent in cellular networks. key words: two-way communication, delayed channel state information, multiple-input multiple-output (MIMO) 
Introduction
Wireless relays play an important role in wireless networks for their ability to provide power reduction, coverage extension, throughput improvement, and robustness enhancement. Therefore, the relay channel is considered to be a fundamental building block of wireless networks. While the traditional one-way relay channels study the information delivery from one node to another node through a relay, the two-way relay channels consider the scenario that two nodes exchange information with each other through a relay. The bi-directional traffic in the two-way relay channels opens the possibility of employing physical layer network coding to significantly improve the spectral efficiency [1] , [2] . As a result, the maximum number of the simultaneous transmitting data streams, measured by the number of degrees of freedom (DoF), in the multiple-input multiple-output (MIMO) two-way relay channel can be doubled compared to that of the MIMO one-way relay channel with the same numbers of antennas [3] .
The extension of the two-way relay channel to the MIMO cases with three or more source nodes has been studied in [4] - [13] . Because the extension requires the relay to deal with the interference between multiple directions, interference management becomes a central issue of the scheme designs. Signal space alignment is proposed in [4] for the MIMO Y channel, where three users intend to exchange private messages with each other through a relay. The main idea of signal space alignment is to jointly design the precoders such that the signals to be exchanged between two users are aligned in the same subspace at the relay, so that the dimensions of the relay signal space can be efficiently utilized. The idea of signal space alignment is then generalized and applied to many related MIMO relay channels [5] - [13] , including the K-user Y channel [5] , [6] , the multipair two-way relay channel [7] , [8] , and the multi-way relay channels with a clustered private message set [9] , [10] , with a clustered public message set [11] , and with a more general message set [12] .
Aligning signals, or interference, in space requires all transmitters to jointly design their precoding vectors. Therefore, the assumption of global and instantaneous channel state information at transmitters (CSIT) commonly appears as a convention in the literature related to signal space alignment [4] , [5] and interference alignment [14] , [15] . However, realizing the instantaneous CSIT assumption in practical system increases system complexity and becomes harder when the channel coherence time is short. To address the issue, Maddah-Ali and Tse consider the extreme case, where the channel coherence time is shorter than the CSI feedback delay so that the obtained CSIT is independent of the current CSI, for the multiple-input single-output (MISO) broadcast channel in [16] . Their result shows that even this completely delayed CSIT is still useful for improving the DoF compared to the case with no CSIT. The assumption of completely delayed CSIT is further considered for many fundamental channels [17] - [22] , including the single-input single-output (SISO) interference channels with three or more users [17] - [20] , the SISO X channels [17] - [19] , and the 2-user MIMO interference channel [21] , [22] . The opposite case, where the channel coherence time is longer than the CSI feedback delay and which is termed moderately-delayed CSIT regime in [23] , is considered in [23] - [27] . More specifically, the ideal block fading channels with independently fading blocks and the assumption that the ratio of the CSI feedback time to the channel coherence time is given as a parameter are considered in [23] , [24] , and the time correlated fading channels with the assumption of perfect delayed and imperfect instantaneous CSIT are considered in [25] - [27] . Despite the different channel settings, the scheme design principle developed in [16] is extended in [23] - [26] to provide the DoF improvement in the moderately-delayed CSIT regime comCopyright © 2017 The Institute of Electronics, Information and Communication Engineers Fig. 1 MIMO multy-way relay channel with asymmetric message set. In the multiple-access phase, the relay receives signals from the base station and all users. In the broadcast phase, the relay transmits to all the remaining nodes.
pared to the completely-delayed and no CSIT regimes.
In this paper, to explore the possibility of using signal space alignment in environments where only completely delayed CSIT is available, we study the achievable DoF of the MIMO multi-way relay channel with asymmetric message set. In this channel, as shown in Fig. 1 , a base station (BS) with K antennas intends to exchange private messages with K single-antenna users through a half-duplex relay with K antennas. This channel models the practical scenario in relay-aided cellular communication and is studied in [13] , where a signal-space-alignment-based scheme is proposed to achieve the sum DoF of the channel when instantaneous CSIT is available. This channel has never been studied under the assumption of delayed CSIT, and we propose an amplify-and-forward relaying scheme that modifies the scheme in [16] and uses only completely delayed CSIT to support signal space alignment for this channel. To illustrate the performance of the proposed scheme, we define downlink DoF and uplink DoF as the DoF related to the downlink traffic and uplink traffic, respectively. Using these definitions, we show that the proposed scheme is useful to relieve the communication bottleneck caused by the asymmetric downlink/uplink traffic load commonly observed in cellular networks [28] , [29] .
The rest of the paper is organized as follows. Section 2 describes the model and the main result. Section 3 provides an example of K = 2 to illustrate the key features of the proposed scheme. In Sect. 4, we provide a sketch of the proof for the main result. Section 5 concludes the paper.
Regarding notation usage, we use I n and 0 n to respectively denote the n × n identity matrix and the n × 1 zero vector. A t , A † , and col(A) respectively denote the transpose, the conjugate transpose, and the column space of a matrix A. ||x|| and x i respectively denote the Euclidean norm and the i th element of a vector x. The convex hull of a set A is denoted as conv(A), the expected value of a random variable x is denoted as E [x] , and the origin in R 2 is denoted as O.
Problem Formulation and Main Result
The MIMO multi-way relay channel with asymmetric message set is shown in Fig. 1 . It consists of one K-antenna BS node, denoted as Node B, one K-antenna relay node, denoted as Node R, and K single-antenna user nodes, denoted as Node k, k = 1, . . . , K. This setting allows a single parameter K to set the number of users as well as the number of antennas at both the BS and the relay, and this singleparameter approach has been widely used in the DoF-related literature [17] - [20] , [23] - [26] . For simple exploration, all nodes are assumed to operate in half-duplex mode. The communication in the channel takes place in two phases: the multiple-access phase and the broadcast phase. The multiple-access phase is described by the input-output equation given as
where at the t th channel use, y R (t) and z R (t) ∼ C N (0, I) are the K × 1 received signal and additive white Gaussian noise (AWGN) at the relay,
is the K × K channel matrix from the BS to the relay, and
The broadcast phase of the channel is described by the input-output equations given as
where at the t th channel use, y B (t) and z B (t) ∼ C N (0, I) are the K × 1 received signal and AWGN at the BS, y k (t) and z k (t) ∼ C N (0, 1) are the scalar received signal and AWGN at User k, k = 1, . . . , K, H RB (t) is the K × K channel matrix from the relay to the BS, and h Rk (t) is the 1 × K channel vector from the relay to User k, k = 1, . . . , K . The transmit power constraint is given as E[||x R (t)|| 2 ] ≤ P R . It's assumed that that all channels are independent, full rank with probability one, stationary, and ergodic. Following the delayed CSIT assumption in [16] - [22] , we assume that all channel state information is available at all nodes after one unit delay. There are 2K independent messages W B1 , . . . , W BK and W 1B , . . . , W K B , where W i j denotes the message to be communicated from Node i to Node j. Since the BS has K messages while each user has only one message, the considered message set is asymmetric. Let |W i j | denote the size of the message W i j . For codewords spanning T channel uses, a rate tuple (R B1 , . . . , R BK , R 1B , . . . , R K B ), where R i j = 1 T log |W i j |, is achievable if the probability of error for all messages can be simultaneously made arbitrarily small by choosing an appropriate large T. For simple exploration, we assume that P B = P R = P k = P † . The capacity region C(P) is the closure of the set of all achievable rate † While this assumption does change the characterization of the capacity region, it does not change the characterization of the DoF region.
tuples. The DoF region D is defined as follows [30] .
The sum DoF of the channel is defined as
Note that W B1 , . . . , W BK are messages for the downlink communication, while W 1B , . . . , W K B are messages for the uplink communication.
To study the bottleneck of the system performance, we further define the downlink-uplink DoF region as the set of all
Traditionally, downlink and uplink traffic are processed separately with separate resources, such as time for example. In the considered scenario, when all resources are dedicated to serve downlink communication to provide the maximal d down , K symbols can be delivered from the BS to the relay in one time slot due to the K DoF of the MIMO channel between the two nodes. Then these K symbols can be delivered from the relay to Users 1, . . . , K, where there's one intended symbol for each user, in 1 + [16] in the second hop. By the cascade approach, the downlink-uplink DoF pair
is achievable in this downlink mode. Similar calculation shows that the downlink-uplink DoF pair
is achievable in the uplink mode. in its denominator. Moreover, the traffic imbalance between downlink and uplink has been widely observed in cellular networks [28] , [29] . Thus, the downlink communication can be the bottleneck of the system performance due to the smaller d down and the larger traffic load. Motivated by the previous observation, our design goal is to improve the efficiency of the bottleneck operation point † The exact and closed-form representation of
is still an open problem, in spite of its nice and clean appearance.
given in (6) . Since the corresponding d down is already at the maximal value and can not be increased, we aim to increase d up from 0, while keeping d down at its maximum. By utilizing the two-way communication nature between the BS and Users 1, . . . , K, we propose an amplify-and-forward relaying scheme that modifies the scheme proposed by Maddah-Ali and Tse in [16] and obtain the following theorem.
Theorem 1:
For the considered MIMO multi-way relay channel, the downlink-uplink DoF pair
is achievable.
Corollary 2:
Remark 1: Comparing (8) with (6), we can see that d up is increased from 0 to 1/(
while d down is kept at the same value. From the perspective of sum DoF, the improvement from (6) to (8) is not incremental. For example, there is a 25-percent improvement in the achievable sum DoF when the BS is equipped with four antennas, i.e., K = 4, and a 12.5-percent improvement when K = 8. at point A and 1 at point B, operating at point B is obviously more efficient than operating at point A. In practice, however, the operation point should depend on the downlink/uplink traffic load ratio due to the traffic imbalance. From the perspective of DoF, given the ratios 2/1 and 4/1, the corresponding operation points in the region are ( ), respectively. Thus, it could be observed that the large ratio pushes the operation point close to the inefficient point A. Our proposed scheme introduces point C and enlarges the achievable region to conv ({O, A, B, C}) , which is the quadrangle O ACB. Given the same ratios, the corresponding operation points in the new region are ( 40-percent DoF improvement. Similarly, a 20-percent DoF improvement could be obtained for the ratio 4/1.
Remark 3:
Although (6)- (9) are obtained under the assumption of CSIT with one unit delay, they actually hold under the more general assumption of CSIT with delay of arbitrary units. A short discussion on this extension will be given at the end of Sect. 3.
Illustrating Example for K = 2
In this section, we explain the proposed scheme for K = 2,
) is achievable, in details to illustrate the key features of the proposed scheme. The proposed scheme uses five time slots to send four independent downlink symbols and two independent uplink symbols, and operates in the multiple-access phase in the first two time slots. At t = 1, the BS sends two symbols u B1 and v B1 that are intended for User 1. Specifically, let
At the same time, User 1 sends one symbol u 1B , intended for the BS, while User 2 keeps silent, described as
At t = 2, the BS sends two symbols u B2 and v B2 that are intended for User 2. Specifically, let
At the same time, User 2 sends one symbol u 2B , intended for the BS, while User 1 keeps silent, described as
The received signals at the relay are given as
An interesting observation here is that y R (1) is consisted of u B1 , v B1 in x B (1) and u 1B in x 1 (1), which are symbols to be exchanged between the BS and User 1. Because the BS knows u B1 , v B1 and User 1 knows u 1B , they can solve their own intended symbols if y R (1) is delivered to them. Similarly, y R (2) is consisted of u B2 , v B2 in x B (2) and u 2B in x 2 (2), which are symbols to be exchanged between the BS and User 2. Because the BS knows u B2 , v B2 and User 2 knows u 2B , they can solve their own intended symbols if y R (2) is delivered to them. In the remaining three time slots, the proposed scheme operates in the broadcast phase and aims to deliver y R (1) to both the BS and User 1 and to deliver y R (2) to both the BS and User 2. At t = 3, 4, the relay forwards its received signals at t = 1, 2, respectively. Specifically, let
It's easy to see from (2), (18), (19) that the BS can obtain a noisy version of y R (1), y R (2) from y B (3), y B (4). Unlike the BS, both users are equipped with only one antenna, and their received signals at t = 3 are given as
If y 2 (3) is available at User 1, it can use y 1 (3) and y 2 (3) to solve y R (1). Similarly, the received signals at both users at t = 4 are given as
and if y 1 (4) is available at User 2, it can use y 1 (4) and y 2 (4) to solve y R (2). Although the the relay can't construct y 2 (3) and y 1 (4) due to the noise terms, it can instead construct the signal components h R2 (3)y R (1) in y 2 (3) and h R1 (4)y R (2) in y 1 (4) . To deliver h R2 (3)y R (1) to User 1 and h R1 (4)y R (2) to User 2, the relay uses the first antenna to send h R2 (3)y R (1) + h R1 (4)y R (2) and keeps the second antenna silent at t = 5. Specifically, let
The received signals at both both users at t = 5 are given as
where u R = h R2 (3)y R (1) + h R1 (4)y R (2). Now, User 1 can use y 1 (3), y 1 (4), y 1 (5) to solve y R (1), and User 2 can use y 2 (3), y 2 (4), y 2 (5) to solve y R (2). Note that u R is helpful to both users and therefore can be considered as a common message to them. This common message is called a second-order message in [16] to distinguish it from firstorder messages, such as u B1 , v B1 , u B2 , v B2 , u 1B , u 2B , that are intended for only one destination. Since only one secondorder message is needed here, the second element in x R (5) is 0. Next, we provide the direct and detailed procedures for all nodes to solve their intended symbols. First, the BS intends to solve u 1B and u 2B . To see the solvability of u 1B , we write y B (3) as follows.
where
is the equivalent noise. Since the BS knows H RB (3), H BR (1), and x B (1), it can cancel the self-interference caused by x B (1) and obtain
Thus, the BS can solve u 1B . Similarly, it can solve u 2B by the corresponding procedure on y B (4).
To illustrate the solvability of u B1 and v B1 at User 1, we use (3) to arrange y 1 (3), y 1 (4), y 1 (5) as follows.
Substituting (16)- (19), (24) into (33), we have
and h Rk i (t) is the i th element of h Rk (t). To observe signal space alignment in (34), recall that symbols u B2 , v B2 in x B (2) and u 2B in x 2 (2) are interference to User 1. Note that two column vectors of B are both scalar multiples of [0 1 h R1 1 (5)] t , and therefore are linearly dependent. As illustrated in Fig. 3 , by the fact that col(BH BR (2)) ⊆ col(B) and col(Bh 2R (2)) ⊆ col(B), we can see that u B2 , v B2 , u 2B are aligned in col(B), which is a one-dimensional subspace of the three-dimensional extended receive signal space at User 1. To cancel these unintended symbols, User 1 projects y 1 on the orthogonal space of col(B). Specifically, let
whose row vectors are orthogonal to [0 1 h R1 1 (5)] t . Canceling the self-interference in y 1 and multiplying the result with B ⊥ , we have
where ( This concludes the illustrating example. We now use the illustrating example to discuss two extensions of the results given in (6)- (9) . First, consider the extension to the assumption of CSIT with delay of arbitrary units. In general, assume that the CSIT is available after T units. Substituting time indices t = 1, 2, 3, 4, 5 in the illustrating example by t = 1, 1 + T, 1 + 2T, 1 + 3T, 1 + 4T, we obtain a modified scheme that works under the new assumption and achieves the same
). Next, consider the extension to the scenario, where both the BS and the relay are equipped with M K antennas and each of the K users is equipped with M antennas. Using the 2M × 1 x B (1), x B (2) to respectively send 2M independent symbols, using the M × 1 x 1 (1), x 2 (2) to respectively send M independent symbols, and following the same steps given in the illustrated example, we obtain a modified scheme that works in the new scenario and achieves
The same ideas apply to the general proof provided in the next section, and therefore the extensions of the results given in (6)- (9) can be understood.
Sketch of General Proof for Theorem 1
In this section, we provide a sketch of the proof for Theorem 1. The proposed scheme uses the channel K + K (1+ 
for i = 1, . . . , K. In the first K time slots, time slot t = k is dedicated to the communication between the BS and User k, and only these two nodes transmit. Specifically, at t = k, the BS sends K symbols, s Bk 1 , . . . , s Bk K , that are intended for User k by letting
User k sends one symbol s k B that is intended for the BS at t = k and keeps silent at the remaining first K − 1 time slots by letting
for t = 1, . . . , K and k = 1, . . . , K. The received signals at the relay are given as In the remaining K (1 + 1 2 + · · · + 1 K ) time slots, the relay aims to deliver y R (k) to the BS and User k. To deliver y R (k), let the relay treat the K elements of y R (k) as K symbols that it wants to send to User k. Now, there are total K 2 symbols that the relay wants to send to Users 1, . . . , K. Due to the broadcast structure between the relay and Users 1, . . . , K in the broadcast phase, we can apply the achievable scheme of Theorem 1 in [16] here and obtain the result that these K 2 symbols can be delivered to their intended nodes in K (1 + 1 2 + · · · + 1 K ) time slots. Specifically, the relay uses the next K time slots to forward its received signals in the first K time slots as
In the following K (
time slots, the relay sends the weighted sums of the elements in y R (1), . . . , y R (K ). The main purpose of this process is to send second-and higherorder messages to help User k solve the elements of y R (k). We omit the details for brevity and please refer to the achievability proof of Theorem 1 in [16] for the details.
We now proceed to show that all nodes can solve their intended symbols. First, User 1 intends to solve s B1 1 , . . . , s B1 K . After reconstructing y R (1) † , User 1 can cancel the selfinterference caused by s 1B by subtracting h 1R (1)x 1 (1) from y R (1). Specifically, let To see the solvability of s 1B , we write y B (1 + K ) as follows.
is the equivalent noise. The BS can now subtract the selfinterference caused by s B1 1 , . . . , s B1 K in x B (1) from y B (1+ K ) to obtain
Using (50), the BS can solve s 1B . Similarly, it can solve s k B by the corresponding procedure on y B (k + K ) for k = † In fact, applying the scheme in [16] here only ensures that User 1 can reconstruct a noisy version of y R (1). However, since the presence of noise does not change the calculation of DoF, we omit the noise term here.
2, . . . , K. This concludes the proof.
Conclusions
In this paper, we propose an amplify-and-forward relaying scheme that supports signal space alignment for the MIMO multi-way relay channel with asymmetric message set under the assumption of delayed CSIT. From the perspective of DoF, we show that the proposed scheme is useful to relieve the communication bottleneck caused by the asymmetric traffic load commonly observed in cellular networks. The considered channel models the practical scenario of the twoway communication between a base station and multiple users, and this paper is the first paper to study the achievable DoF of the channel under the assumption of delayed CSIT. The future work includes the extension of the achievable DoF result to a general setting with arbitrary number of users and arbitrary number of antennas at each node, the extension to the scenario for massive MIMO systems where the channel matrices are rank deficient and the signal processing is constrained by the number of available radio-frequency (RF) chains, the further research on the exact DoF region of the considered channel, and the further exploration of the possibility of applying signal space alignment in MIMO multi-way relay channels.
